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ADIABATIC INVARIANTS AND THE l'THIRD" INTEGRAL 

Thessaloniki University 
Thessaloniki, Greece 

In a g ase of Hamiltonian systemjof n degrees 

of freedom, depending periodically on the time, n formal 

u - 2  

l 

n are found. 

sass11 parameter used is 

character in each case. This is shown explicitly in a 

simple example and the relative accuracy of the t w o  

expansions is discussed. 
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I It i s  w e l l  known that, u n d e r  certair? c o n d i t i o n s ,  

a d i a b a t i c  i n v a r i a n t s  are  c o n s t a n t  t o  a l l  o r d e q  i n  t h e  

m a l l  parameter ,i.e., they are formal i n t e g r a l s  of motion. 1 '  

O n  t h e  o t h e r  hand i n  most t i m e  i n d e p e n d e n t  H a m i l t o n i a n  

s y s t e m s  of n 5egree.s of freedcm one c ! m  f i n d  n formal. 

i n t e g r a l s  of motion I as p w e r  se r ies  i n  the c o o r d i n a t e s  
2 

2'7 4Aai ,cr,szta. Ke call z ~ y  such i n t e g r s l  a " t h i r d "  i n t e g r a l ,  

t o  d i s t i n g u i s h  it from t h e  c l a s s i c a l  e n e r g y  and angular 

,r,onentum .. 
I 

The same method can  be a p p l i e d  t o  a g e n e r a l  case of 

n ciegrees of freedom, w 3 e n  the p o t e n t i a l .  IS expressed a s  

a se r ies  ir. t h e  c o o r d i n a t e s ,  and i s  periodic i n  t i m e .  

m- rl formal i n t e g r a l s  are f o u n d ,  which are p e r i o d i c  i n  

iLrr;e. +-  

I r"' I : i ~ r ~  arc, a few s 2 m i I a r i t i e s  between t h e s e  i n t e g r a l s  and 

ine a d i a b a t i c  i n v a r i a n t s ,  but some important d i f f s r s n c e s  alsc;, 

ir,cse a r e  i l l u s t r a t e d  in the l a s t  s e c t i o n ,  wnere b o t h  a " t h i r d "  n 

i n t e g r a l  and an a d i a b a t i c  invariant a re  c o n s t r u c t e d  f o r  the 

s a m e  3:mamical. sys tem,  

1 
I 

S e e  M. Xxuskal ,  J. Math. P h y s . ,  2, 856(1962)  and r e f e r e n c e s  
t h e r e .  

Z. Contopoulos, Z .  Astrophysik,  49 ,  273 (1960); 
A s t r o n .  J. E, 1 (1963). 

2 
.- 



11, I h T E G N S  3q MOTION IN PERIODIC POTENTIALS 

Suppose t h a t  a potentla1 IS g i v e n  as  a se r ies  i n  the 

coordlnates, 'beginning with terms of second d e g r e e ,  

periocilc w i t h  respect  t o  t h e  t i m e ,  with period 2-/&. 

Then the Hamiltonian 

and 

I s  also p e r i o d i c  in t ,  and it has the o r i g i n  as equi l i -  

b r i m  point, 

i s t i c  exponents of the equilibriun s o l u t i o n  are p u r e  

imaginary and n o t  equal. 

applications, 

t h e  variables , w i t h  c o e f f i c i e n t s  p e r i o d i c  i n  t ,  and f i n d  

a new f i ami l ton lan  of the same fctr~i,  where 

We will cortsider t h e  case when t h e  character- 

T h i s  i s  a most cominon case i n  

Then w e  can use a l i n e a r  transformation of 

- n -'xi 2 + Yi '2) T, L i 
H2 - L 2  

1 =1 

3 i n  t h e  n e w  var iab les  . I f  we introduce further new 

coordinates and momenta. 

A .  Lia?ounof€,  Problkme Gdnbraf de  l a  Stabi l i to '  du 
,*,buvenent, IU"3 I Fac. Sei. T o u l o u s e ,  2nd Ser. 9 (1907) 

3 

a ? - ,  

p.  281, 398. 



w e  f i n d  

r, 
2 2  2 

= 11 ( t i  x i + Yi)‘ H2 2 

4 

i.e,, the second s rde r  ~ a g i l t o n ~ a n  is i n d e p e n d e n t  of trme and 

r e p r e s e n t s  a s y s ~ e x  cf n h a r m o n ~ c  o sc i l l a to r s .  Then  €3 p4 - 8 -  

o r e  h c z s ~ ~ n e o u s  pollpmmials i n  x i ,  A 

per iodic  i n  t ,  w i t h  period 2-7/’&; hence the  coe f f i c i en t s  

of t h e  ci i f ferent  terms can be given in t h e  form 

with integer m ,  2 ,  I b , and c constant .  

y ,  a. , of degree 3, 4 . . . , 

- s i n  a b, 
r n l t  ,x. Lccils 1 YI 

Let us assme further t h a t  no relation of the €om 

exists with in teger  m 1‘ m2‘ and m equal to any  of t he  

above given values. If m t akes  also the  value 0, we 

assume t h a t  ( 5 )  is not s a t r s f i e d ,  unless m 1 = m 2 = ... = 0. 

Then we can construct, s t e p  b y  step, n i n t e g r a l s  i n  

t h e  form of s e r i e s  



i = F  + z + ... 
I 'ti2 + *13 i4 *i 

1 2 2  2 
x + Yi) , p = - ( &  

i2 2 i i  

I n  fact any i z t e g r a l  ( 6 )  s a t i s f i e s  t h e  equation 

w h i c k  can be split into the equations 

Equation (10) is a l inear  partial differential 

equazion t h a t  gives  0 ,  =her! t h e  previous terms of t h e  

s e r i e s  ? are  kno'r,. The corresponding system to t h i s  

Equation is 

1 # , L * + 1  

i 



I L 

i 5 j  i s  zero,  t h e n  equation (14) i s  integrzted and Gives 

3 s  a s u m  of the same fcm as (15). T h i s  can be expressed as a 
p l y n o n l a l  o f  d e g r e e  u t l  in xi,yit with coefficients of t h e  

I I ,,Ai 
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12 M contains t i n e  i n d e p e n d e n t  terms, t h e  c o r r a p o n d i n g  zi 

is zero.  T n e n  ~f K .  contains a t e rn  w i t h  a c o s i n e  and 
1 , L 

KL, = TiZ - * . = o  , this w i l l  g i v e  a s e c u l a r  tern i n  - 
I 

- . i t  can be p r o v e d ,  however ,  as  i n  the two dimen- 
1, - *  f 1 

s i o n a l  case' t h a t  ic. 
Therefore 
A formal i n t e g r a l s  c a n  a lways  be c o n s t r u c t e d ,  s tep by  s tep.  

n e v e r  i n c l u d e s  c o s i n e w i t h  rn 1 2  =m =..,=o. 
I 1, 

i f  f o r  c e r t a i n  v a l u e s  of m,, ,.. m, che cor rEspond-  
A "2 '  

~zc j  q i l a n t i t y  ( 5 )  i s  zero, t h e  above i n t e g r a l s  a r e  no  more 

valid. Then, however, t h e  system (If) has f u r t h e r  the 

integrals 

"It jT2j - - 
35 2 2 s i n G l ~ l ( ~ - t  ) +  i r ~ ~ ~ ~ ( t - t ~ ) + . . . ~  zit) (16)  

S 

5_ I 
= (26 ) (2C2 ) ... 

l 2  2 CGS 

xhich a re  p o l y n o m i a l s  i n  x t y ,  of d e g r e e  M =(ml} + b21 + .. . . 
Then one c a n  c o n s t r u c t  two integrals of the f o n  

i A  

s = s  4 s  + " C "  I M M-t 1 

c = CM + c + . C C  , 

M - f f  

which will h a v e  a150 s e c u l a r  terms. 
4 

I n  a sirnple n o n - l i n e a r  case it  has b e e n  p roved  t h a t  

a eornbnnation of these i n t e g r a l s  w i t h  t he  above integrals ;. i 

can  eliminate the s e c u l a r  terms and g i v e  n formal t i m e  

indepeni ien t  i n t e g r a l s  of motion. mese r e s o n a n c e  integrals 

4 e.  C o n t o p o u l o s ,  A s t r o n .  J, 68, 763 (1963). 
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may be r a t h e r  d i f f e r e n t  from the a b w e  iztegrals (6). ~t 

s f e m  probakie  t h a t  one c a n  f i n d  s u c h  "resonant" i n t e g r a l s  

in ciie case of time-deFendent potentials of t h e  fom (1) a l s o .  

In many prob lems  t h e  Hamiltonian i s  given in t h e  f o r m  

w?,ere  IS a small parameter and B is or' d e g r e e  2. i h f n  

we fin5 i z t e g r a l s  of the form 

& 

The i n t e g r a l s  + a r e  u s e f u l  in g i v i n g  bounds for the i 

orbits. E . g . ,  in a two-dimensional t i m E  i n d e p e n d e n t  

potential the boundary f ( x  x 1 = 0 3f an orbit is foun2 1' 2 

S y  eliminating y y between the two equations (19)  and 
1' 2 



rii;iy be rathr-r  d i f f e r e n t  €rem t h e  above i n t e g r a l s  ( 6 ) .  I t  

seems p r o b a b l e  t h a t  one can f i n d  such  “ r e s o n a n t ”  i n t e g r a l s  

i n  t h e  case of t i ne -dependen t  potentials of t h e  form (1) also.  

In many problems t h e  Hamiltonian is given in t h e  f o r m  

t.;l-,ere rs 1s a s m a l l  parameter and H is of degree > 2. Then 

w e  f i n d  i n t e g r a l s  of t h e  form 

E 

and - - 3  wnere  =<o) 12’ 

The i n t e g r a l s  Z .  a r e  u s e f u l  i n  giving bounds  for t h e  
i 

orb1 ts .  E. g .  , i n  a two-dimensional  t i m e  independent  

p o t e n t i a l  the boundary  € ( x  x ) 1‘ 2 
= 0 Qf an orbit is found 

b y  e l i m i n a t i n g  y y between the t w o  equations (19) and 
1‘ 2 
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I n  t h e  case of a t i m e  dependent  p o t e i l t i a l  w e  t a k e  

the s e t  of t h e  c u r v e s  f when t t a k e s  a l l  the v a l u e s  w i t h i n  

a ,-eriod, If t h e s e  c u r v e s  a r e  c l o s e d ,  t h e i r  o u t e r  bour ,da ry  

d e z i n e s  t h e  space i n s i d e  which t h e  o r b i t  i s  c o n f i n e d .  

These c u r v e s  a re  i n  zero order p a r a l l e l o g r a m s .  Tizerefore  

if c is s u f f i c i e n t l y  s m a l l  the  c u r v e s  do  n o t  e x t e n d  t o  

i n f i n i t y ,  and the o r b i t s  a r e  c o n f i n e d  €or a l l  t i m e s .  

T h i s  is e x a c t l y  eriie i f  t h e  i n t e g r a l s  f are  c o n v e r g e n t .  
i 

I n  g e n e r a l ,  t h e i r  convergence  i s  unknown, However, i f  11 

i s  g i v e n ,  one  c a n  f i n d  a n o t h e r  H a m i l t o n i a n  c o i n c i d i n g  

with Ii 'cip t o  t h e  terms of any g i v e n  d e g r e e ,  which h a s  

5 c o n v e r g e n t  i n t e g r a l s  i n  a r e g i o n  a round  the o r i g i n  . 
It s e e m  p r o b a b l e  t h a t  even  when @ are  n o t  c o n v e r g e n t ,  i 

~ i l e  Grbits will n o t  go t o  i n f i n i t y  i f  E: i s  s u f f i c i e n t l y  

5 The ?roof i s  t h e  saTe a s  i n  t h e  t i m e  i n d e p e n d e n t  case,  
G .  C o n t o p o u l o s ,  As t rophys .  J. 138, 1297  (1963) .  
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I11 e APPLICATION 

A s  an example o f  t h e  general case we consider t h e  

p o t  e n t i a 1  

2 2  2 
2 2  1 x2 + u x ) - e s i n s t  x 

1 2 2  v = - (!J 2 1 x1 

Then 

where y .  = dx. /dt. 
1 1 

One can  f i n d  now two i n t e g r a l s  of the  form (61, namely 

r 
1 

1 2 2  
Z ' l 1  t 

2 
Y1 f .I- 7 

L 
1 

/ 2 2 2  2 2 2 2  2 2 2  2 
'Ll741, ) x  iy  "j, x ) f 4.1 (x! +J; -411 ) y  x y 

, 1(& 2 1 2  2 2  2 1 2 1 2  2 4  , 
i s i n l t t \  1 

1 
and 



The l a s t  integral is s i m i l a r  to t h e  Hamiltonian, but there 

IS an extra f i r s t  order term i n  it. 

niii.ii!"uer of exbits pia.fz been zi ;~cufate~ ir; & L < r  L i i l J  

2 2 
-1 2 p o t e ~ ~ t i a h ,  with $ ' -  = 0.076, ~3 = 0 . 5 5 ,  = 0.206- We u s e  

those values i n  o r d e r  t o  be able  to compare t h e  o rb i t s  w i t h  

t h o s e  calculated p r e v i o u s l y  i n  a model of the g a l a c t i c  
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6 potential near the s u n  I where 

3 
1 2t7 ‘ x  1 2  2 2 2  2 2  2 

2 1 2  1 1  2 2  1 2  3 
H = - ( y  +y +%l x +Ill x ) - FX x - - 

F i g u r e s  1-4 g i v e  4 orb i t s  with t h e  same initial 

= 0,0512, = o * l l a 6 )  , q o  v e l o c i t y  at the urigin 

T h e  calculations were mads for 600 t i m e  u n i t s  at l e a s t  

w i t h  the Runge-Kutta method in double precision and a step 0.02 

a n d / o r  0,01 t i m e  units. A comparison of the r e s u l t s  has  

shown t h a t  at l e a s t  7 decimal. f i g u r e s  are always accurate, 

FQZ comparison t h e  cor re spond ing  quantities in the ease of 

the H a m i l t o n i a n  ( 2 7 )  are given.  There  we kmow t h a t  i n c l u -  

s i o n  of h i g h e r  order t e , ~ . . s  g i v e s  a v e r y  accclrate t h i v c  

integral . 7 

6 ,  Ccntopoulos, Stockholm Qbs. Ann., 3, No, 6 (1958) .  
See also ref. 2. 

6 

B. Ba rban i s ,  Z .  A s t r o p h y s i k ’ x ,  5 6  (1962).  
7 
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TABLE I. 

V a l u e s  of  t h e  H a m i l t o n i a n  and t h e  f i r s t  o r d e r  
" t h i r d "  i n t e g r a l .  

E 
i n i f  min  

0 rnax 2H 2H 
min 

i. 
I 

max 

1 Time i n d e p .  0.0153 0.0153 0.00131 0.00129 0.00139 

sa  p = 0 . 1  0.0146 0.0153 0,01492 0.01478 0.01492 

0.0147 0.0161 0.0132 0.0178 0.0148 3 Lb .I. = i 

2c J. = 10 0.0137 0.0163 0.015299 0.015296 0.015299 

The i n i t i a l  v a l u e  of 2H i s  a lways  t h e  same (0 .0153) .  

I t  i s  seen  t h a t  t h e  " t h i r d "  i n t e g r a l  is always better 

c o n s e r v e d  t h a n  t h e  Hami l ton lac .  

-. irie boundaries of t h e  o r b i t s  in  the t ime  dependen t  

case,are o s c i l l a t i n g ,  e s p e c i a l l y  i n  Figure 3. These  

baundar i e s  can be founa as f o l l o w s :  Equa t ion  ( 2 1 )  g i v e s  

v v = nlc! , 
'1 '2 

h e n c e  e i t h e r  y, = O f z )  or y ,  = 0 ( € 1 .  Ir! t h e  f i r s t  case 

w e  have  i n  f i r s t  a p p r o x i m a t i o n  

I L. 
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L 

1 
1 2s J s i n t t  x 1 2 2  1 2 ; o  1 

2 2 2  2u;2 (" -ui11 

1 

are  t h e  v a l u e s  where y = + 
2 -  

of the i n t e g r a l s  a t  t h e  initial. point. 

Ir! the  second case 

. Hence t h e  b o u n d a r i e s  are n e a r  
#f 2 2  

/2$  -i l1X1 
l ; o  where y1 = 

t h e  s t r a i g h t  lines x K i a  and y = -r J r . Y 2 ; 0 / ~ 2  i 
2 -  

= + [icl0 1 -  

v a r y i n g  p e r i o d i c a l l y  i n  t i m e .  

The deviations are larger when we a r e  near t h e  

or K = * 2 t  +I I or  any h i g h e r  o r o e r  

I n  t h e  above cases i l l  1 = 0.27568, u2 = 0.74162, 

The l a s t  q u a n t i t y  is 

&l. 2-1 rEsoIiances .r = 

r e sonance .  

hence  2 1  +ut - 1.76, 2 ~ ~ - . t ' ~  ," 1.21.  2 1 -  



1 5  

n e a r e s t  to 81' = 1; this i s  t h e  reason why t h e  boundaries 

charicje ra re  in case 233, The " t h i r d "  i n t e g r a l  i s  better COR- 

server1 when 3 = 10, because this v a l u e  is f a r  f r o m  resanances. 

Then t h e  space filled by the orb i t  i s  v e r y  nearly a p a r a l l e l o g r a m .  

S i m i l a r  r e s u l t s  w e r e  found i n  many o the r  cases. Fig- 

iire 3 represents two o r b i t s  i n  t h e  case A1 2 = 12 2 = 0.1, 

c = 0 . 1 ,  t = 1 . mAe o r b i t s  a r e  r a t h e r  d i f f e r e n t  from 

those of t h e  c o r r e s p o n d i n g  t i m e  i n d e p e n d e n t  case (271, 

except for the orbit 3b, which i s  n e a r  a p e r i o d i c  

o r b i t .  I n  g e n e r a l ,  one ~xgects t h a t  the rescirrance effects 

of the? t ime- independen t  case, which depend on  t h e  v a l u e  of 

,: , /J. do n o t  affect t h e  t i n e  dependen t  case, 
f.  2 '  

s wic:kr &. i n  t h e  vhick Zepcr,Zsc;r, S C ~ E  r e l a t i m  of 

p r e s e n t  case it happeris t h a t  2r.tl +J. = 3 ~ 1 0 . 3 1 6 2 )  = 0.949 

i s  n e a r  4. = 1. , but t h i s  near r e s o n a n c e  i s  of a d i f f e r e n t  

&Ir  2 

2 1  

The s u b j e c t  i s  worthy 
* 

n a t u r e  t h a n  t h e  r e s o n a n c e  .II = 

of f u r t h e r  s t u d y .  

1 

The i n i t i a l  c o n d i t i o n s  i n  t h e  above cases are 

= 0.060465 in czse 3a 1'2 0 
= 0, and y = 0.013, x l o  = y20 fU 

' y20 
= 0.05093 in case 3b. We find i n  and y = 0.035 10 



= 0.00319, t = 0.00297, E = 0.00319, and i n  
ir,:t nin max 

c a s e  3b: 2H. = 0 . 0 0 3 8 2 5 ,  2H = 0.00186,  2H = 0.00450,  
i n i t  n i n  max 

-, = 0.00261,  5. = 0.00240,  $ = 0.00261. I t  i s  
=init min max 

seerl that a l t h o u g h  we a r e  near a r e s o n a n c e ,  t h e  f i r s t  

Eriergy. 

O u r  e x p e r i e n c e ,  from t h e  tine i n d e p e n d e n t  cases, 

i n i i c a t e s  t h a t  t h e  c o n s e r v a t i o n  of t h e  " t h i r d "  i n t e g r a l  i s  

a lways  improved (to a very h i g h  accuracy) as  more h i g h e r  o r d e r  

t e r m s  a re  i n c l u d e d .  
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IV. COMPWI .SO?< WITH THE ADIABATIC IWL~ARIAF~TS 

The n o s t  simple a d i a b a t i c  i n v a r i a n t s  a r e  g i v e n  f o r  

orLe-n imens iona l  H a m i l t o n i a n s  t h a t  v a r y  s l o w l y  i n  t i m e .  

i s  smal l  d '& 

if k i  Gepencis on t h e  t i m e  t h rough  X ,  where - 
d t  

w,t ; ,  respect tc - T 
L -:-.e s e t i c n  integral 

tis;v;aily H i s  c o n s i d e r e d  LO v a r y  o n l y  d u r i n g  a f i n i t e  t i m e  

> 

(T 1 s  t h e  p e r i o d  of the m u t i o n ) ,  t h e n  

8 
j = Oylcixl is approxipately c o n s t a n t  . 

T -  

i n t e r v a l ,  b e ~ n g  c c n s r a n t  before and a f t e r  t h a t .  I n  a 

s y s t e m  of n G ~ g x e e s  of f reedom,  TI adiabatic invariants 

?an b E  found  xhen t h e  systeT. i s  separable 9 

If H i s  n o t  s epa rab le  but is a s lowly -va ry ing  func t io r i  

9 
2ardr,er q ives  a qene ra l  ; letnod t o  C G ~ S C ~ G C ~  adiabatic 

- 
0 L. 3 ,  Landau and E. M, L i f s c h i t z ,  Mechanics ,  Pergmofi  

Press, Eew York (1960) .  

C. S .  Gardne r ,  Phys. Rev.  115, 7 9 1  (1959) .  
9 



1) In ze ro  order fi.e., f o r  I = 0 )  it is separable. 

2 )  It is a s l o w l y  varying function of the time and of 

the var iab les  x2,x3,. . . (and  eventually,but not necessarily 

of y 2 , y  3 . . .  ) i.e., it is a f u n c t i o n  of J X  ux (and I 2' 3 ' . * .  

w,iere E includes a l l  terms containing xI,ylt and has  T;C 
0 

2 '  - - *  - 
3 )   he c u r v e s  H = const. for 3: = 0 and y, = const, 

z e r o  order terms in y 

(1 1) are  closed: t h e n  t h e y  are closed also for  small 

valaes  of 'J and f i x e d  t,x,,yl(i > 1). 
I 

An adiabatic invariant is constrGcied,step by s t e p ,  

by sti c c e s s i ve c 00 r d i na t s t r a n s f o r  ma t 1 on s : 

If w e  k e e ~  t and x ,yT (i 1) constant the curves 
1 -  

H = const. are transformed into circles by the following 

x,' = rcos 9 , y ;  = r s i n  9 , 
A 



I 
I -  

- 
il is the area i n s i d e  t h e  curve H = c o n s t .  and ds t h e  line 

s . l ~ c e n t  a l o r i g  t h i s  c u r v e .  The curves H = c o n s t .  are c i r c l e s  

iz t h e  n e w  va r i ab le s .  

Because  of t h e  c o n s e r v a t i o n  of areas  x'dy' + y dx 

1 s  the c o m p l e t e  d i f f e r e n t i a l  of a g e n e r a t i n g  f u n c t i o n  F and 

1 1  1 1  

1 

F, is  a f r ;ne t ion  of x l ,y ; ,  with c o e f f i c i e n t s  f u n c t i o n s  of 
I 

i t ,  iX2f j '2s  5 which are k e p t  c o n s t a n t  i n  t h e  t r a n s f o r m a t i o n  

(32). As w e  c a n  add any  a r b i t r a r y  c o n s t a n t  in F w e  may 

write 

1 

F, = x2y ;  t .. . + 1 '  '1 Ixl ,y; ,  1x2,y;, . . . I t )  I 
.L 

w:-,ere ., does n o t  c o n t a i n  terns independent of x, , y :  . 
* A i  

tocjether w l t h  e q u a t i o n s  ( 3 3 )  d e f i n e  new c a n o n i c a l  variables 

xi, yi I with H a m i l t o n i a n  
I ,  

(34 )  

(35 )  

( 3 6 )  
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- ,-,- 1r.e tern r i i  c o n t a i n s  all h i g h e r  t h a n  z e r o  order terns 
1 

n-7, ~ , , e  n e x t  change  o f  v a r i a b l e s  t r a n s f o r m s  i n t o  c i r c l e s  

xhe c u r v e s  H +- l'Hl = c o n s t .  for t,x , y .  (i > I )  c o n s t a n t .  

The d e v l a t l o n  of these CUTVPC: f r o m  c i rc les  i s  of z rdsr  1 ,  

Ekere fo re  t h e  d i f f e r e n c e  between t h e  t w o  sets o f  v a r i a b l e s  

Will Le of order 1 .  

1 i i  

The new g e n e r a t i n g  f u n c t i o n  can  be w r i t t e n  

where  does n o t  c o n t a i n  terms i n d e p e n d e n t  of x'y" 
$2 1 1 '  

Tn en 

and the new B a m i l t o n i a n  IS 

3q' repeating i/ times this procedure w e  f i n d  
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Then t n e  quantity 

H* g i v e s  n-order m i x e d  terms ( c o n t a i n i n g  y ' ) .  
0 2 

m:, ,,,e n e x t  ckange  o f  v a r i a b l e s  g i v e s  

xz = xl. i- n orcier terms c o n t a i n i f i g  x; and/or  ' 
L L 1. y1 + * . * I  

2nd i i* contains a g a i n  n-order  nixed t e r n s .  By n s ~ c h  

c;;ar,ges of  var iab les  w e  can r e d u c e  all terms c o n t a i n i r . 9  

x .  and/or y u p  t o  order n-f to a f u n c t i o n  of 

1 

n 2  +(d32. 
I 1 

is constant t o  o r d e r  N - 1 ,  i.e., d J ( N ) / d t  = O ( r N ) .  T h e r e f o r e  
formal  iiu) i s  a n i n t e g r a l  of mot ian  this i s  t h e  a d i a b a t i c  i if 9-3 J 

I 

i 11 var  i a n t .  

If, ' i . u w e t r e r ,  both x and y appear i n  H (not t h r o u g h  2 2 

) i n  non l i n e a r  t e r ; r . s , t hen  t h e  above method IS n o t  applicable. ' x2 ' - !L '  2 

E . 2 . :  i n  ;i two-drmensional s y s t e m ,  l e t  x2,y2 appear  i n  

non l i n e a r  z e r o  order  t e r n s  of H* arrd l e t  x _  appear a l so  i n  
0 f 

a m i x E d  term ( i n c l u d i n g  x and/or  y } ,  of d e g r e e  n i n  1 .  1 1 



9 
I n  G a r d n e r ' s  paper t h e  Hamiltonian c o n s i d e r e d  i s  

of t h e  form ( 3  1 ,  b u t  t h e  above c o n d i t i o n s  a re  n o t  expl i -  

is e q u a l  t o  t h e  a c t i o n  J 
-l' 3"' 
I n e  a6iabatic i n v a r i a n t  

if i3 does n c t  d e p e d  OR t h e  time and on t h e  v a r i a b l e s  

t h e  t2 
x 7 , y 2  ... Therefore if f o r  t and t > 

.,- - 7  a r e  such  t h a t  H h a s  zero d e r i v a t i v e s  of .a , ,akles  x 

a l l  2 rdea  w i t ? '  r e s p e c t  t o  t , x  

L 

l'% 

... , t h e n  t h e  acTion 
21Y2' 

is w e l l  d e f i n e d  for t < t and t > t - i t s  1 2 '  u' = o y  ox 
b 1  1 

c;-,;lr?ge a u r i n g  t h e  t i m e  t -t is of o r d e r  h i g h e r  t h a n  2 1  

ar,y 
5 

(it is at l e a s t  of orc?er e x p ( - z J , r ) ,  where 2 i s  a 

- ic general, hcwever ,  there  IS no t i m e  i r ? t e r u a l  

Z.clr;ng w r i i c h  II = c o n s t .  a!:< nc space where H is i n d e p e n d e n t  

0 2  x2, jr2 ... 
Ir. t h e  case ( 2 7 ) ,  WE know t h a t  w e  cafi make t h e  

il 
P. V a n d e r u o o r t ,  Ann. P h y s i c s ,  12, 436 (1961). 
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_ -  
11 ~6 set 5 '  = 0 w e  f i n d  n x p l r c r t l y  a generating function 

2 2 2  2 2 2  2 
.-y ( y  1 1  x ) y ( y  --(I x ) + 4 !  2 1 2 2 y  x x Y 

C I  1 2  2 2 +  1 2  2 2  
s = xly; 4- x2y; + 5 'I - 2 2  2 2  2 2 I 

. + .a. 

I' (I' -4w ) I2 2 1  2 

t h a t  g i v e s  

-+ . * .  - Y i  = Y1 2 2  ' -41. 
1 2  

e t c .  Then 

(45 1 

,x rnax 1 ! 
' 2 d t  

l' 1 
2; 

x min 1 



2 4  

x nin 
1 

i s  not c o n s t a n t ,  i n  g e n e r a l .  T h e r e f o r e  J h a s  v a r i a t i o n s  

co?parLson of t?,e adiabatic i r i v a r i a n t s  in t h e  form 

,SI 
a w i ~ h  t?,e " t h i r d "  i n t e g r a l  shows t h e  fo l lowinc j :  

a )  ~ 0 t h  are  fc?rmal series e x p a n s i o n s  i n  te,m.s of 
(or some s m a l l  parameters).  

s K t a l l  pa rmeters  When t h e  " t h i r d "  i n t e g r a l  i s  g i v e n  i n  

power s e r i e s  i n  t h e  v a r i a b l e s  and no s m a l l  p a r a m e t e r  

2orna l l .y  a?,pEars, we ~ a y  consider a s  small parzqeter t h e  

~ r , e r 2 y  itself. Ifi f a c t  an expans lo r ,  (27 )  may be w r i t t e r ,  



T h e  difference i s  that t h e  snail parameter i n  the 

case of the " t h i r d "  integral refers to a term, 

t i le  case of the adiabatic invariants it refers to a 

-iariz'r)1et or var;ables. 

or terns, whlle in 

'SI The "third" i n t eg ra l  1 s  more general. in t he  seas3 

- L . , ~ Z  r, - it docs n o t  require N to depend art ~x *... ra15er t h a n  x,,,, 
L 

--, L Ljif: case  zf t h e  H a m l l t i n i a L  ( 2 7 )  wc cannot find an 

ac3;abatrc i n ~ r a r i a n t ,  because both x 2 and y 2  appear in zero 

order .  On t h e  other hand I f  $ 2  IS small w i t h  respect t~ 

we may c o n s t r u c t  a n  af i rabat lc  invariant expanslor, iz 

T h i s  expaaslcr: is preferahle, becar;se the 

j l r  

f cwt'rs 02 

t n i r 6  integral expns:or: i s  n c t  v a l l d  when 3 ,  I -+ 0 or 

L 

2 - a. 

c )   he adiaba t ic  invariants are more general i n  t h ~  

S E T ~ S C  t h a t  t h ~ y  apply a l s o  TO i2on periodlc K ~ X E  depen2ent 

Emi l . t on ians .  

(I?) practical construction of a "third" i n t e g r a l  when Ei 

1s a s e r i e s  is cor?parat1i7el:' e i isy.  The  forn;uiac for finding higher 

order  t e r n s  a re  given, and the necessary aigebra cafi be 

-,Erfuri?eG b y  an electronic czimpter I In t h e  ~ 3 E . c  of 
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Z : - ~ C  adiabatic i n v a r i a n t s  t he  c h a n g e s  of v a r i a b l e s  that 

transform t h e  c u r v e s  H = c o n s t .  i n t o  c i r c l e s  c a n n o t ,  i n  
0 

ger,erai, be g i v e n  a n a l y t i c a l l y  i n  a simple form, I n  

? f ~ c t , c e  orif should Expand i n  s e r i e s  of a n o t h e r  s m a l l  

2arSneter also, w h i c h  i s  t h e  parameter t h a t  m e a s u r e s  t h e  

;z che third i n t e g r a l .  

On t h e  o ther  hand i f  t h e  H a m i l t o n i a n  c a n n o t  be 

exp;lnC:ec i n  a power s e r i e s ,  the ir,etkAod of the third i n t e g r a l  

z z l i  r i o t  k3~  applicable, jcscept 12 spec ia l  cases  like t h e  

G i m e n s i o n a l  Hami l ton ian  

- 
s , W .  XcLachfan,  Theory and A p p l i c a t i o n  of Mathieu 
F u n c t i o n s ,  Clarendon P r e s s ,  Oxford (19471, pp. 77,530. 

1; 
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b y  s e t t i n g  

2 2  
1 q = 4 c / g  2 * a = 41 / i t  I y = x It = 22 ,  

1' 

I n  t ; ; i s  case t h e  r r a n s f o m a t i o n s  propcsed b y  Gardner  

can be expiicitiy carried oilt ar,d w e  can compare t h e  

a6 iab ; i t i c  i n v a r i a n t  d i r e c t l y  with the  " t h i r d "  i n t e g r a l .  

S'ne " t h i r d "  integral i n  second order a p p r o x i m a t i o n  is 

In a??Iyir.q Gardner's m e t h o d  w e  have to calculate t h e  

a r e a  2 of  t h e  ellipse (42). " s i n g  f o r m i l a e  ( 3 2 )  we find 



28 

and 

and 

The next change  of vsriables is effected i f i  s. similar 

way,  A f t e r  surne operat iocs  we f i n d  
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aria 

S i m i l a r l y  w e  f i n d  

R 

a n d  

The adiabatic i n v a r i a n t  in second orde r  approximation 

is 
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Both e x p a n s i o n s  are  e q u i v a l e n t  i f  E and I are  s m a l l .  

If w e  omit all terms of order higher t h a n  t w o  i n  F, or (11 

w e  f i n d  

:;1 

i 

1. 
2 
- + 

1 t 

above form of the 
The ' " t h i r d "  i n t e g r a l  ~xpansion is p r e f e r a b l e  i f  c i s  

small (q m a l l  i n  M a t h l e u ' s  equa t ion)  i f  w e  are not  near a 

2 2  2 2 2 2  
'1 = Si and i n  g e n e r a l  ?. = 4 !  /n I 

2 
" I  1' 1 r e s c n a n c e  ( t  = 

s e p a r a t e l y .  
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300 t i m e  u n i t s  with a s t e p  0 - 0 2  UT 0.01 time u n i t s ,  A 
I 

ckeck &as shown t h a t  a t  l e a s t  f o u r  s i g n i f i c a n t  f i g u r e s  

1i-i X . p ;  and f i v e  s i g n i f i c a n t  f i g u r e s  i n  €3, I and 513' are  

accura te .  Table  11 t ives  the da ta  and the  v a l u e s  of t h e  

an6 t h e  adiabatic invariant (g iven  by f ~ m u i a  ( 6 3 ) ) .  

Co;?pr i son  of the "third" integral w i t h  t h e  adiabatic invariant. 

3 conserved than J \. This is more e v i d e n t  for l a r g e r  x .  The 
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c o ~ ~ s ~ r - ~ a t i o n  of  the z e r o  and f i r s t  o r d e r  " t h i r d "  i n t e g r a l  

ar;G a a i a b a t i c  i n v a r i a n t  i s  a lways  worse. 

This example g i v e s  t h e  r a n g e  of v a l u e s  of ill for which 

a n  adiabatic i n v a r i a n t  i s  u s e f u l .  

I f  i s  n e a r  3 r c s o n a n c e  case t h e  above formulae a r e  

-. - .  =1 w e  have found  c o n t i n u o u s  increase of the amplitude 
I 

of osciilations, and jc3i is n o t  even  approxixately c o n s e r v e d .  

This fact indicares t h a t  t h e  a c t i o n  J i s  n o t  an  

frcc_;iency of  the p e r t u r b a t l o n  and t h e  e i g e n - f r e q u e n c y  af t h e  

. -  

13 S c e ,  e . g . ,  A. S o m e r f e l d ,  Atonha3 and S p e k t r a l l i n i e n ,  I ,  7 t h  e d .  
F. Vieweg & Sohn, Braunschweig (1951) pp. 3 7 0 ,  698. 
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x ? . ~ l e  r n  the case O€ t h e  adiabatic i n v a r i a r i t s  we kz7.7~ a slow 

i iepencience on t h e  time and/or some var iab les .  

This example shows f u r t h e r  that t h e  r e l a t i v e  accuracy 

~ ; f  the T'~?'o ~ X F ~ E S ~ G E S  derjenljs OR t h e  values of the parameters 

u s e & .  It  indicates a l s o  t h e  disadvantage of the adiabatic 

i n : - a r i a n E s ,  in t h a t  t h e y  cannot  be used i n  rescnance or n e a r  

re-sc~nacce cases. 

T h i s  work was done while I w a s  ar: NAS-NRC senior  research 

a s s o c i a t e  tincjer the P;atior.al Aeronautics and Space Adminis- 

L L L a t ; ~ . n ,  - -  I ~ ~ s i ;  to thank Dr, Robert Jastrow f o r  t h e  ~ s e  of 

t L;,r '? - f a c i l i t i e s  at the Institute f o r  Space S t u d i e s .  I thank 

a l s o  Drs. E;. P s e n d e r g a s t  and J. Kevorkian for  i n t e r e s t i n g  

d i 5cu 3s1on s . 

' 
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F i g .  i. 
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Orbit in t h e  p o t e n t i a l  V = - ( A  1 2 2  x + J ’  2 ’  x“) - rx x 2 fo r  
2 1 1  2 2  1 2  

2 =0,Q76 = 0.55, z = 0,206, and initial conditions 2 
I’ 1 4 2  

x “ X  = 0, ylcl = 0.0512, y = 0,1126.  
10 20 20  

f 2 2 +  2 2  2 Fxq .  2a,b,c O r b i t s  i n  t h e  g o t e n t i a f  v = ‘(Jp ~ ~ x ~ ) - i s i n  stx,x,  
2 i . l  L L  

for the sane c o n s t a n t s  and i n i t i a l  c o n d i t i o n s  and 

(a) = 8.1, (b) = 1, (e) 1 = 10. 

F i g -  3a,b Orbits in the  same potential as i n  Fig. 2 ,  f o r  

2 2 
1 2 

= il = E = 0.1, L = 1 and initial condltrons 

= 0 and (a) y = tCt,lsi3@ y2* = 6,060465; 
2 0  li> 

x = x  10 

= 0,05099.  %U 
{b) yl0 = 0.035, 
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